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Streszczenie
Celemniniejszej pracy doktorskiej jest badanie zbiorówK-prostokres´lnych
w geometrii afinicznej.
Pierwszy rozdział jest pos´wie˛cony własnos´ci K-prostokres´lnos´ci oraz
warunkom równowaz˙nym. NiechK be˛dzie ciałem algebraicznie domknie˛-
tym. Krzywa˛ Γ nazywamy parametryczna˛ jez˙eli jest obrazem ciała K po-
przez odwzorowanie regularne. Definicja˛ 1.9 wprowadzamy stopien´ K-
prostokres´lnos´ci dla rozmaitos´ci afinicznych. Rozmaitos´c´ afiniczna X ma
stopien´ K-prostokres´lnos´ci co najwyz˙ej d jez˙eli jest pokryta krzywymi pa-
rametrycznymi stopnia co najwyz˙ej d. W Propozycji 1.8 podajemy dwa
warunki równowaz˙ne. W pierwszym z nich z˙a˛damy tylko aby ge˛sty zbiór
był pokryty takimi krzywymi. Kolejny warunek równowaz˙ny zapewnia
istnienie dominuja˛cego, generycznie skon´czonego odwzorowania wielo-
mianowego o stopniu ze wzgle˛du na pierwsza˛ współrze˛dna˛ co najwyz˙ej d
z cylindraK×W w rozmaitos´c´X . Wprowadzamy nowa˛ Definicje˛ 1.9 roz-
maitos´ci K-prostokres´lnych, która ma ta˛ zalete˛ w stosunku do poprzed-
niej, z˙e dzie˛ki Propozycji 1.11 nie zalez˙y od ciała podstawowego. W sekcji
1.3 przedstawiamy analogiczne wyniki dla ciała liczb rzeczywistych.
Twierdzenie 2.18 mówi, z˙e jez˙eli f : X → Y jest generycznie skon´czo-
nym odwzorowaniem regularnym pomie˛dzy rozmaitos´ciami afinicznymi
oraz rozmaitos´c´ X jest K-prostokres´lna, to zbiór Sf punktów niewłas´ci-
wos´ci odwzorowania f jest równiez˙K-prostokres´lny. W drugim rozdziale
zajmujemy sie˛ ograniczeniem od góry stopnia K-prostokres´lnos´ci zbioru
Sf w zalez˙nos´ci od stopnia odwzorowania f oraz stopnia K-prostokres´l-
nos´ci rozmaitos´ci X . Dla ciała liczb zespolonych C przedstawiamy kom-
pletne wyniki Twierdzenia 2.22 i 2.25. Pierwsze z nich daje ograniczenie
przez iloczyn stopnia odwzorowania f oraz stopnia C-prostokres´lnos´ci
rozmaitos´ci X . Natomiast drugie mówi, z˙e dla f : Cn → Cm stopnia
d stopien´ C-prostokres´lnos´ci Sf wynosi co najwyz˙ej d − 1. Przedstawia-
my równiez˙ wyniki dla dowolnego ciała algebraicznie domknie˛tego K -
Twierdzenia 2.37, 2.38, 2.39 oraz dla ciała liczb rzeczywistych R - Twier-
dzenia 2.30, 2.31, 2.33.
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Wostatnim rozdziale dowodzimyK-prostokres´lnos´ci zbiorów zwia˛za-
nych ze zbiorem punktów stałych działania grupy algebraicznej. Dokład-
nie w Twierdzeniu 3.3 dowodzimy, z˙e jez˙eli nietrywialna, spójna grupa
unipotentna działa efektywnie na rozmaitos´ci afinicznej, to zbiór pun-
któw stałych tego działania jest K-prostokres´lny. W szczególnos´ci nie za-
wiera izolowanych punktów. Natomiast w Twierdzeniu 3.5 pokazujemy,
z˙e gdy nieskon´czona grupa algebraiczna działa efektywnie na przestrzeni
afinicznej Kn, to kaz˙da hiperpowierzchnia zawarta w zbiorze punktów
stałych jest K-prostokres´lna.
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Abstract
Themain goal of this thesis is to studyK-uniruled sets that appear in affine
geometry.
The first Chapter discusses the property ofK-uniruledness and its equi-
valent conditions. LetK be an algebraically closed field. A curve Γ is called
parametric if it is an image of the field K under a regular map. In 1.9 we
define the degree of K-uniruledness for an affine variety X . The degree
of K-uniruledness of an affine variety X is at most d if X is covered by
parametric curves of degree at most d. In Proposition 1.8 we prove two
equivalent conditions. In the first one we require that only a dense subset
of the variety X is covered with such curves. Another equivalent condi-
tion asserts the existence of an affine variety W with dimW = dimX − 1,
and a dominant polynomial map φ : K × W → X of degree in the first
coordinate at most d. We state a new Definition 1.9 according to which
K-uniruled varieties are those with a finite degree of K-uniruledness. One
of the advantages of the new definition is that by Proposition 1.11 it does
not depend on the base field. In section 1.3 we present analogous results
for the field of real numbers.
Theorem 2.18 asserts that if f : X → Y is a generically finite regular
mapping between affine varieties and X is K-uniruled, then the set Sf of
points at which f is not proper is also K-uniruled. In the second Chapter
we bound from above the degree of K-uniruledness of the set Sf in terms
of degree of a mapping f and degree ofK-uniruledness of a varietyX . For
the field of complex numbers C we get the best possible results Theorems
2.22 and 2.25. The first one gives a bound by the product of the degree of
f and degree C-uniruledness of a variety X . The second theorem bounds
by d−1 degree of C-uniruledness of the set Sf for a mapping f : C
n → Cm
of degree d. We also present results for an arbitrary algebraically closed
field K - Theorems 2.37, 2.38, 2.39 and for the field of real numbers R -
Theorems 2.30, 2.31, 2.33.
In the last Chapter we show that some sets associated with the set of
fixed points of an algebraic group action are K-uniruled. In Theorem 3.3
5
we prove that if nontrivial connected unipotent group acts effectively on
an affine variety then the set of fixed points of this action is a K-uniruled
variety. In particular there are no isolated fixed points. In Theorem 3.5, on
the other hand, we show that if an arbitrary infinite algebraic group acts
effectively on an affine spaceKn, then every hypersurface contained in the
set of fixed points is K-uniruled.
6
Acknowledgements
First and foremost I would like to thank my supervisor Zbigniew Jelonek
for his constant and enormous help duringmywork on this thesis. Most of
the results presented here come from our two joint papers. It was a great
pleasure and opportunity to learn from him. Throughout the thesis he
providedmewith encouragement and useful ideas. I am sincerely grateful
for his effort.
I would also like to express my gratitude to professors Rosa-Maria
Miró-Roig, Jarosław Wis´niewski and Mikhail Zaidenberg for many inter-
esting and fruitful discussions. I thank also Sławomir Cynk with whom I
had written my master thesis, and who introduced me to algebraic geom-
etry.
I acknowledge the administrative help of Anna Poczman´ska.
Writing this thesis would not be possible without the constant support
of my family. I thank a lot my mum for her love and motivation.
I thankmy friends: Piotr Achinger, Agnieszka Bodzenta, Maria Donten-
Bury, Michał Farnik, Wojciech Lubawski, Mateusz Michałek and Karol
Palka for interesting discussions, questions, answers and a great working
atmosphere.
I acknowledge a support of Polish Ministry of Science and Higher Ed-
ucation grant N N201 413139.
7
Chapter 1
K-uniruled varieties
This Chapter can be treated as a preliminary to the rest of the thesis.
We are going to remind an old, well known definition of K-uniruled
varieties and introduce our new one. The relation between both defini-
tions will be given. Additionally for K-uniruled varieties we introduce a
degree of K-uniruledness.
We end the Chapter by stating a few open problems concerning bound-
ing the degree of K-uniruledness.
In the whole Chapter, unless stated otherwise, K is assumed to be an
arbitrary algebraically closed field.
1.1 Introduction
We begin with a presentation of some necessary preliminaries.
Proposition 1.1. Let Γ ⊂ Km be an affine curve. The following conditions
are equivalent:
1. there exists a regular dominant map ϕ : K→ Γ,
2. there exists a regular birational map ϕ : K→ Γ.
Proof. It is an immediate consequence of Lüroth’s Theorem 1.2.
Theorem 1.2 (Lüroth). Suppose L andM are arbitrary fields (not necessar-
ily algebraically closed), and ξ is transcendental over L, such that
L ( M ⊂ L(ξ).
ThenM = L(η) for some η in L(ξ).
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Proof. (see [22]) Suppose η ∈ L(ξ) \ L, then
η =
f(ξ)
g(ξ)
for some polynomials f, g ∈ L[X ], at least one of which is of positive de-
gree. Moreover we may assume that f and g have no common factor in
L[X ] of positive degree. Since η /∈ L, we have
deg(f(X)− g(X)η) = max(deg(f), deg(g)).
Clearly f(ξ) − g(ξ)η = 0, so ξ is algebraic over L(η), hence η is transcen-
dental over L. As a consequence f(X)− g(X)η is irreducible in L[X ], and
max(deg(f), deg(g)) = [L(ξ) : L(η)].
Choosing η fromM\L shows that L(ξ) is algebraic of finite degree over
M. Denote [L(ξ) : M] = n, then the minimal polynomial of ξ over M can
be written as
p(ξ)
q(ξ)
n∑
i=0
fi(ξ)ξ
i = 0,
where
p, q, fi ∈ L[X ],
p(ξ)
q(ξ)
fi(ξ) ∈M,
and polynomials fi with no common factor of positive degree. We have
fn(ξ) 6= 0 and since ξ is not algebraic over L
η :=
fj(ξ)
fn(ξ)
/∈ L
for some j. Clearly η ∈M. Assume equation
η =
f(ξ)
g(ξ)
holds as in the first part of the proof. Since ξ is a root of f(X) − g(X)η ∈
M[X ], this polynomial is divisible inM[X ] by p(ξ)
q(ξ)
∑n
i=0 fi(ξ)X
i. Therefore
f(X)g(ξ)− g(X)f(ξ) = r(X, ξ)
n∑
i=0
fi(ξ)X
i, (⋆)
for some polynomial r ∈ L[X, Y ].
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Say the degree of f(X)g(ξ)− g(X)f(ξ) in ξ ism. This is the same as the
degree in X , so n ≤ m. Additionally
m ≤ max(deg(f), deg(g)) ≤ max(deg(fj), deg(fn)) ≤ max(deg(f0), . . . ).
By (⋆), there must be equalities, and rmust be constant in ξ. But now f(X)
and g(X) are both divisible by r(X), hence r is also constant in X . We get
that n = m, andM = L(η).
Definition 1.3. An affine curve Γ ⊂ Km is called a parametric curve, if
equivalent conditions from Proposition 1.1 hold.
We are ready to present the formerly known definition of K-uniruled
varieties, which was introduced in [26].
Definition 1.4. An affine varietyX ⊂ Km is calledK-uniruled, if for every
point x ∈ X there exists a parametric curve lx ⊂ X passing through x. In other
words X is covered by parametric curves.
A parametric curve is an image of the field, which is irreducible, so it
is also irreducible. Hence each parametric curve on a variety is contained
in some irreducible component. So a variety is K-uniruled if and only if
all its irreducible components are K-uniruled.
The following characterization of components of K-uniruled varieties
is known [26].
Proposition 1.5. Let K be an uncountable field and let X ⊂ Km be an irre-
ducible affine variety. The following conditions are equivalent:
1. X is K-uniruled,
2. there exists an open, non-empty subset U ⊂ X , such that for every point
x ∈ U there exists a parametric curve lx ⊂ X passing through x,
3. there exists an affine variety W with dimW = dimX − 1, and a regular
dominant map φ : K×W → X .
Proof. Implication (1)⇒ (2) is trivial.
To prove implication (2)⇒ (3) let us define
Sd = {ϕ : K→ K
m such that ϕ(K) ⊂ X and degϕ = d}.
Each ϕ = (ϕ1, . . . , ϕm), where ϕi(t) =
∑d
j=0 a
i
jt
j , corresponds to a point
(a10, . . . , a
m
d ) ∈ (K
d+1)m \ (Kd × {0})m.
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Conditions ϕ(K) ⊂ X are polynomial equations, so Sd is a quasiprojective
variety. Consider the morphism:
Fd : K× Sd ∋ (t, ϕ)→ ϕ(t) ∈ X.
Let us denote the image byXd := Fd(K×Sd). We know that U ⊂
⋃
d∈N Xd,
since for every point x ∈ U there is a parametric curve lx ⊂ X passing
through x. Let Xd be the closure of Xd in X . From Baire’s Theorem 1.6 for
the Zariski topology there exists d such that Xd = X . Now the map
Fd : K× Sd :→ X
is dominant, so when we restrict it to some irreducible component Y (sup-
pose Y ⊂ KM ) of Sd the map Φ = Fd|K×Y is still dominant. Suppose
dimX = n and dim(Y ) = s, on an open subset ofX fibers of the map Φ are
of dimension s+ 1− n. Let x be one of such points. From the construction
of the set Sd we know that the fiber F = Φ
−1(x) does not contain any line
of the type K× {y}, so in particular the image F ′ of the fiber F under pro-
jection K × Y → Y has the same dimension. For general linear subspace
L ⊂ KM of dimensionM+n−s−1 the dimension of L∩F ′ equals to 0. Let
us fix such L, and letR be any irreducible component of L∩Y intersecting
F ′. Now mapping the
Φ|K×R : K× R→ X
confirms the assertion, since it has one fiber of dimension 0 (at x), the di-
mension of R is n− 1 (at most n− 1, because of the 0 dimensional fiber, at
least n − 1 because of the small dimension of L), so as a consequence it is
dominant.
To prove implication (3)⇒ (1)we note that for
φ : K×W ∋ (t, w)→ φ(t, w) ∈ X
there exists d ∈ N such that degt φ ≤ d. Next we use implication (3) ⇒ (1)
from Proposition 1.8, which gives us condition (1).
Baire’s Theorem reads as follows.
Theorem 1.6 (Baire). Let K be an uncountable field, let X ⊂ Km be an
irreducible affine variety, and let Xd for d ∈ N be its closed subsets. If
⋃
d∈N Xd
contains a non-empty open subset U of X , then Xd = X for some d.
Proof. We are going to prove it by induction on the dimension of X . If
dimX = 0, then X is just a point, and the assertion is clearly trivial.
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When dimX > 0, then there exists a regular function f : Km → K
non-constant on X (one of coordinates is good).
Assume that the assertion is false, which means that all Xd are of a
lower dimension than X , and consider sets
Xc = X ∩ {f = c}
for c ∈ K, which are of pure codimension one. When U ∩ Xc 6= ∅, then it
means that one of irreducible components R of Xc satisfies the conditions
of the theorem with sets R ∩ Xd for d ∈ N. From the inductive assump-
tion we know that R equals to R ∩Xd for some d, so to one of irreducible
components of Xd (they are of the same dimension). But there are only
countably many irreducible components of Xd for some d ∈ N, and un-
countably many c ∈ K for which U ∩ Xc 6= ∅, since open set U intersects
almost all Xc (all, except the finite number). The contradiction shows that
the hypothesis was false.
1.2 The degree of K-uniruledness
For an uncountable field K there is a nice characterization of K-uniruled
varieties, namely Proposition 1.5. However to work over an arbitrary al-
gebraically closed field we need a refined version of the definition. We
introduce it in our papers [19], [20]. It coincides with the older one for
uncountable fields.
Moreover with the new definition of K-uniruledness we are able to
measure the degree of K-uniruledness of K-uniruled varieties.
Definition 1.7. An affine curve Γ ⊂ Km is called a parametric curve of
degree at most d, if there exists a polynomial dominant map f : K → Γ of
degree at most d (by degree of f = (f1, . . . , fm) we mean deg f := maxi deg fi).
Now we prove the following:
Proposition 1.8. Let X ⊂ Km be an irreducible affine variety of dimension
n, and let d be an integer. The following conditions are equivalent:
1. for every point x ∈ X there exists a parametric curve lx ⊂ X of degree at
most d passing through x,
2. there exists a dense in the Zariski topology subset U ⊂ X , such that for
every point x ∈ U there exists a parametric curve lx ⊂ X of degree at most
d passing through x,
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3. there exists an affine varietyW with dimW = dimX − 1, and a dominant
polynomial map φ : K×W ∋ (t, w)→ φ(t, w) ∈ X , such that degt φ ≤ d.
Proof. Implication (1)⇒ (2) is obvious.
We prove (2)⇒ (1). Suppose that
X = {x ∈ Km : f1(x) = 0, . . . , fr(x) = 0}.
For a = (a1, . . . , am) ∈ K
m and b = (b1,1 : · · · : bd,m) ∈ P
M , where M =
dm− 1, let
ϕa,b : K ∋ t→ (a1 + b1,1t+ · · ·+ b
d
1,dt
d, . . . , am + bm,1t + · · ·+ b
d
m,dt
d) ∈ Km
be a parametric curve of degree at most d. Consider a variety and a pro-
jection
Km×PM ⊃ V = {(a, b) ∈ Km×PM : ∀t,i fi(ϕa,b(t)) = 0} ∋ (a, b)→ a ∈ K
m.
The definition of the set V says that parametric curves ϕa,b are contained
in X . Hence the image of the projection is contained in X and contains
dense set U , since through every point of U passes a parametric curve of
degree at most d. But since PM is complete and V is closed we have that
the image is closed, and hence it is the whole set X .
Let us prove (2) ⇒ (3). For some affine chart Vj = V ∩ {bj = 1} the
above map is dominant. We consider the following dominant mapping
Φ : K× Vj ∋ (t, φ)→ φ(t) ∈ X.
After replacing Vj by one of its irreducible components Y ⊂ K
M the map
remains dominant. Suppose dimX = n and dim(Y ) = s, on an open
subset of X fibers of the map Φ′ = Φ|k×Y are of dimension s + 1 − n. Let
x be one of such points. From the construction of the set V we know that
the fiber F = Φ′−1(x) does not contain any line of the type K × {y}, so in
particular the image F ′ of the fiber F under projection K × Y → Y has
the same dimension. For general linear subspace L ⊂ KM of dimension
M +n− s−1 the dimension of L∩F ′ equals to 0. Let us fix such L, and let
R be any irreducible component of L ∩ Y intersecting F ′. Now mapping
Φ′|K×R : K× R→ X
confirms the assertion, since it has one fiber of dimension 0 (at x), dimen-
sion of R is n − 1 (at most n − 1, because of the 0 dimensional fiber, at
least n − 1 because of the small dimension of L), so as a consequence it is
dominant.
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To prove the implication (3) ⇒ (2) it is enough to notice that for each
w ∈ W the map
φw : K ∋ t→ φ(t, w) ∈ X
is a parametric curve of degree at most d or it is constant. Image of φ con-
tains an open dense subset, so after excluding points with infinite preim-
ages (closed set, at most of codimension one) we get an open set U with
required properties.
We are ready to define the degree of K-uniruledness - a parameter
which measures degree of parametric curves covering a variety.
Definition 1.9. We say that an affine varietyX has degree of K-uniruled-
ness at most d, if all its irreducible components satisfy the above conditions. A
degree of K-uniruledness is the minimum d for which it has degree of K-uni-
ruledness at most d. An affine variety is calledK-uniruled, if it is K-uniruled of
some degree.
The condition (3) from Propositions 1.5 and 1.8 is clearly the same, so
both definitions of K-uniruled varieties coincide for an uncountable field
K. From now on we are going to use only the second - Definition 1.9.
Example 1.10. Let X ⊂ Kn be a hypersurface of degree d < n. It is well
known that X is covered by affine lines, so its degree of K-uniruledness is one.
Proof. Let f ∈ K[x1, . . . , xn] be an equation of X . We have to show that
through every point of X passes a line. Without the loss of generality it
is enough to assume that O = (0, . . . , 0) ∈ X and show that through O
passes a line (it is because we can make a linear change of coordinates and
the degree of f stays unchanged). A parametrization of such line L is
K ∋ t→ (a1t, . . . , ant) ∈ K
n,
for (a1, . . . , an) ∈ P
n−1. Line L is contained in variety X if and only if
f(a1t, . . . , ant) = 0 for all t ∈ K. It happens if and only if fi(a1, . . . , an) = 0
for i = 1, . . . , d (where fi is the part of f of degree i). Now we use the fact
that d equations define a variety in Pn−1 of dimension at least n − 1 − d,
which for d < n is greater or equal to zero. It means that there exists
(a1, . . . , an) ∈ P
n−1 for which the corresponding line is contained inX .
Proposition 1.11. The degree ofK-uniruledness of a variety does not depend
on the base field. Namely let K ⊂ L be a field extension, and let f1, . . . , fr ∈
K[x1, . . . , xm]. Then the following conditions are equivalent:
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1. KX := {x ∈ Km : f1(x) = 0, . . . , fr(x) = 0} ⊂ K
m has degree of
K-uniruledness at most d,
2. LX := {x ∈ Lm : f1(x) = 0, . . . , fr(x) = 0} ⊂ L
m has degree of L-
uniruledness at most d
Proof. Implication (1) ⇒ (2). Observe that the set KX is dense in LX .
Indeed let g ∈ L[x1, . . . , xm] and g ≡ 0 on KX . Let B be any basis of vector
space L over K. Now g has a decomposition
g = b1g1 + · · ·+ bkgk for g1, . . . , gk ∈ K[x] and distinct b1, . . . , bk ∈ B.
Now g ≡ 0 on KX , so also for each i there is gi ≡ 0 on KX . Hence for each
i gi belongs to the radical of the ideal (f1, . . . , fr) in K[x]. It implies that
for each i polynomial gi belongs to the radical of the ideal (f1, . . . , fr) in
L[x], and as a consequence g also belongs. So g ≡ 0 on LX , and it follows
that KX is dense in LX . Of course any K parametric curve in KX extends
to a L parametric curve in LX . From the assumption and Proposition 1.8
condition (2)we get that X ⊂ Lm has degree of L-uniruledness at most d.
Implication (2) ⇒ (1). As in the proof of Proposition 1.8 for a =
(a1, . . . , am) ∈ L
m and b = (b1,1 : · · · : bd,m) ∈ PL
M , whereM = dm− 1, let
ϕa,b : L ∋ t→ (a1 + b1,1t+ · · ·+ b
d
1,dt
d, . . . , am + bm,1t + · · ·+ b
d
m,dt
d) ∈ Lm
be a parametric curve of degree at most d. We consider a variety and a
projection
Lm×PLM ⊃ V = {(a, b) ∈ Lm×PLM : ∀t,i fi(ϕa,b(t)) = 0} ∋ (a, b)
p
−→ a ∈ Lm.
From our assumption the image of the projection is the whole LX . But the
above variety V and also projection p are defined over the smaller field K.
The anologous argument to the one from opposite implication shows that
over K the image of the projection is also the whole variety KX , which
gives condition (1). Indeed if for some g ∈ K[x] g ≡ 0 on p(KV ) then
g ◦ p belongs to the radical of the ideal (h1, . . . , hs) in K[x], where hi are
equations defining V . So g◦p belongs to the radical of the ideal (h1, . . . , hs)
in L[x] and g ≡ 0 on p(LV ). It follows that g belongs to the radical of the
ideal (f1, . . . , fr) in L[x] which implies that g belongs to the radical of the
ideal (f1, . . . , fr) in K[x].
1.3 A real field case
For the whole section we assume that the base field is R.
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Let us specify that by a real parametric curve of degree at most d in a semi-
algebraic set X ⊂ Rn we mean the image of a real polynomial mapping
f : R → X of degree at most d. Thus in general a real parametric curve
does not have to be algebraic, but only semialgebraic. The real counterpart
of Proposition 1.8 is:
Proposition 1.12. Let X ⊂ Rm be a closed irreducible semialgebraic set of
dimension at least two, and let d be an integer. The following conditions are
equivalent:
1. for every point x ∈ X there exists a parametric curve lx ⊂ X of degree at
most d passing through x,
2. there exists a dense in the classical topology subset U ⊂ X , such that for
every point x ∈ U there exists a parametric curve lx ⊂ X of degree at most
d passing through x,
3. for every polynomial mapping f : X → Rn, and every sequence (xk)k∈N ⊂
X such that f(xk) → a ∈ R
n there exists a semialgebraic curve W and a
generically finite polynomial map φ : R×W ∋ (t, w)→ φ(t, w) ∈ X such
that degt φ ≤ d, and there exists a sequence (yk)k∈N ∈ R ×W such that
f(φ(yk))→ a. Moreover, if xk →∞ then also φ(yk)→∞.
Proof. First we prove implication (2)⇒ (1). Suppose that
X = {x ∈ Rm : f1(x) = 0, . . . , fr(x) = 0 g1(x) ≥ 0, . . . , gs(x) ≥ 0}.
For a = (a1, . . . , am) ∈ R
m and b = (b1,1, . . . , bd,m) ∈ R
M , where M = dm,
let
ϕa,b : R ∋ t→ (a1 + b1,1t+ · · ·+ b
d
1,dt
d, . . . , am + bm,1t + · · ·+ b
d
m,dt
d) ∈ Rm
be a parametric curve of degree at most d. If there exists a parametric curve
of degree at most d passing through a, then after reparametrization we can
assume that it is ϕa,b with
∑
i,j b
2
i,j = 1. This means that b ∈ SM−1, where
SM−1 denotes the unit sphere inR
M with the center in the origin. Consider
a semialgebraic set
V = {(a, b) ∈ Rm × SM−1 : ∀t,i fi(ϕa,b(t)) = 0, ∀t,j gj(ϕa,b(t)) ≥ 0}.
The definition of the set V says that parametric curves ϕa,b(t) are contained
in X . It is easy to see that V is closed. For any a ∈ X , by the assumption
there is a sequence of points ak → a, such that for every k there is a para-
metric curve ϕak,bk ∈ V . We can assume that ‖ak‖ < ‖a‖ + 1 for all k. The
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set V is closed, the sequence (ak, bk)k∈N ⊂ V is bounded, so there exists a
subsequence (akr , bkr)r∈N which converges to (a, b) ∈ V . Now parametric
curve ϕa,b ⊂ X of degree at most d passes through a.
To prove (1)⇒ (3) consider a semialgebraic set V as above. We have a
surjective mapping
Φ : R× V ∋ (t, ϕa,b)→ ϕa,b(t) ∈ X.
Let f : X → Rn be a polynomial mapping, and let f(xk) → a ∈ R
n for
a sequence (xk)k∈N ⊂ X . Put g = f ◦ Φ. Hence there exists a sequence
zk ∈ R × V such that g(zk) → a. Due to the real Curve Selection Lemma
analogous to Lemma 2.13 there is a semialgebraic curveW1 ⊂ R× V such
that a ∈ g(W1). Take W2 = p2(W1), where p2 : R × V → V is a projection.
If W2 is a curve then let W := W2, if it is a point we take as W any semi-
algebraic curve in V containing a point p2(W1). Now (W,Φ|R×W ) is a good
pair.
Finally to prove (3)⇒ (2) it is enough to take f being an identity in the
third condition.
Note that the first two conditions are the same as for general alge-
braically closed field in Proposition 1.8.
Definition 1.13. We say that a closed semialgebraic set X has degree of
R-uniruledness at most d, if all its irreducible components satisfy the above
conditions. A degree of R-uniruledness is the minimum d for which it has de-
gree ofR-uniruledness at most d. A closed semialgebraic set is calledR-uniruled,
if it is R-uniruled of some degree.
Example 1.14. Let X = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0}. It is easy to check
that the degree of R-uniruledness ofX is two. It has a ruling with curves la of the
form la = {(a, t
2) : t ≥ 0} for a ≥ 0.
1.4 Remarks
The statement of Proposition 1.5 suggests a question.
Question 1.15. Does equivalence from Proposition 1.5 hold also for count-
able fields?
However it is known that there exist K3 surfaces, which are not C-
uniruled, but their dense subset is covered by parametric curves. In this
sense conditions (1) and (2) from Proposition 1.8 with no upper bound on
the degree of parametric curves are not equivalent.
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Chapter 2
Bounding degree of
K-uniruledness of the
non-properness set of a
polynomial mapping
In this Chapter we are going to recall the definition, motivation and some
known facts about the set Sf of points at which regular mapping f is not
proper. It is known that if f : X → Y is a generically finite regular dom-
inant map between affine varieties then the set Sf is a hypersurface in Y
or it is empty. If X is additionally K-uniruled then the set Sf is also K-
uniruled. The main goal of this Chapter is to bound from above the degree
of K-uniruledness of the set Sf in terms of the degree of the map f and the
degree of K-uniruledness of X . We prove:
Theorem 2.1. Let K = C, or R, and let f : Kn → Km be a generically finite
polynomial mapping of degree d. Then the set Sf has degree of K-uniruledness at
most d− 1 or it is empty.
Theorem 2.2. Let X be an affine variety with degree of C-uniruledness at
most d1 and let f : X → C
m be a generically finite polynomial mapping of degree
d2. Then the set Sf has degree of C-uniruledness at most d1d2 or it is empty.
Theorem 2.3. LetX be a closed semialgebraic set with degree of R-uniruled-
ness at most d1, and let f : X → R
m be a generically finite polynomial mapping
of degree d2. Then the set Sf has degree of R-uniruledness at most 2d1d2 or it is
empty.
Theorem 2.4. Let K be an arbitrary algebraically closed field, and let f :
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Kn → Km be a generically finite polynomial mapping of degree d. Then the set
Sf has degree of K-uniruledness at most d or it is empty.
2.1 The set Sf of points at which regular map f
is not proper
We begin with some well-known facts concerning proper maps between
topological spaces. It will provide a motivation for the definition of proper
maps between affine varieties over arbitrary field.
Definition 2.1. Let X, Y be topological spaces, and let f : X → Y be a
continuous map. We say that f is proper if for every compact setK ⊂ Y the set
f−1(K) is also compact.
Definition 2.2. Let X, Y be topological spaces, and let f : X → Y be a
continuous map. We say that f is proper at a point y ∈ f(X) if there exists an
open neighborhood U of y, such that f |f−1(U) : f
−1(U)→ U is a proper map.
Proposition 2.3. Let X be a topological space, Y be a locally compact topo-
logical space, and let f : X → Y be a continuous map. Then the following
conditions are equivalent:
1. f is proper,
2. f is proper at every point of f(X).
Proof. One implication is obvious. Namely if f is proper then it is also
proper at every point, we can take an open neighborhood U = Y .
To prove the other implication suppose that f is proper at every point.
Let K ⊂ Y be a compact set, so K ′ := K ∩ f(X) is also compact. For
any y ∈ K ′ there exists an open neighborhood Uy such that f |f−1(Uy) is
proper. From local compactness we have that for any y ∈ K ′ there exists
an open neighborhood Vy such that Vy is compact subset of Uy. The family
of sets {Vy}y∈K ′ forms an open cover of compact set K
′. Hence there are
y1, . . . , yk ∈ K
′ such thatK ′ ⊂ Vy1 ∪ · · · ∪ Vyk . Therefore:
f−1(K) = f−1(K ′) = (f |f−1(U1))
−1(K ′ ∩ V1) ∪ · · · ∪ (f |f−1(Uk))
−1(K ′ ∩ Vk).
The right hand side is a finite sum of compact sets, so f−1(K) is also com-
pact.
If X, Y are affine varieties over C, then there exists a purely algebraic
condition for a regular map f : X → Y to be proper.
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Proposition 2.4. LetX, Y be affine varieties over C, and let f : X → Y be a
regular map. Then f is proper in the classical topology if and only if f ∗ : C[Y ] ∋
h→ h ◦ f ∈ C[X ] is an integral extension of rings.
It an easy consequence of [28] and the fact that monic polynomials with
bounded coefficients have bounded roots.
Motivated by the above equivalence we are going to extend the defini-
tion of proper maps to maps between affine varieties over arbitrary alge-
braically closed field.
For maps between affine varieties the properties of being finite and of
being proper coincide, hence we define finite maps.
Definition 2.5. Let X, Y be affine varieties, and let f : X → Y be a regular,
dominant map. We say that f is finite if the induced ring extension f ∗ : K[Y ] ∋
h→ h ◦ f ∈ K[X ] is an integral extension of rings.
Finally we are ready to introduce the set Sf . Let f : X → Y be a gener-
ically finite regular map of affine varieties. A measure of non-properness
of f is the set Sf of points, at which the map f is not proper.
Definition 2.6. Let X, Y be affine varieties, and let f : X → Y be a regular
map. We say that f is proper at a point y ∈ f(X), if there exists a Zariski open
neighborhood U of y such that f−1(U) is also affine, and
f |f−1(U) : f
−1(U)→ U
is a finite map. We denote the set of points from f(X) at which f is not proper by
Sf .
The set Sf was first introduced by Jelonek in [9], and it is the main
object of study of the papers [10, 12, 26, 27]. The set Sf indicates how far
map f is from a proper mapping, and therefore it is important in affine
algebraic geometry as well as in applied mathematics ([5, 14, 16, 24]).
Being finite is a local property. We have the following equivalences in
the spirit of Proposition 2.3.
Proposition 2.7 ([25], page 62, Theorem 5). Let X, Y be affine varieties,
and let f : X → Y be a regular map. The following conditions are equivalent:
1. f is finite,
2. for every open setU ⊂ Y such that f−1(U) is affine the restriction f |f−1(U) :
f−1(U)→ U is finite,
3. for every y ∈ f(X) the map f is proper at y.
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The above Proposition enables us to extendDefinition 2.5 of finite maps.
Definition 2.8. Let X, Y be quasiprojective varieties, and let f : X → Y be
a regular map. We say that f is finite if for every point y ∈ Y exists an affine
neighborhood U such that f−1(U) is affine and
f |f−1(U) : f
−1(U)→ U
is a finite map between affine varieties.
The following properties of the set of points, at which a map is not
proper, will be frequently used.
Proposition 2.9. Let X, Y, Z be affine varieties, and let f : X → Y , g :
Y → Z be regular dominant maps. Then Sg ⊂ Sg◦f .
Proof. The assertion is equivalent to the fact that complements satisfy Z \
Sg◦f ⊂ Z \Sg. Let z ∈ Z \Sg◦f , then there exists an open set z ∈ U such that
the composition
(g ◦ f)−1(U)
f
−→ g−1(U)
g
−→ U
is finite. So by the definition the composition
K[U ]
g∗
−→ K[g−1(U)]
f∗
−→ K[(g ◦ f)−1(U)]
is an integral extension of rings. Of course then
K[U ]
g∗
−→ K[g−1(U)]
is also an integral extension of rings. Hence the map
g−1(U)
g
−→ U
is finite and z ∈ Z \ Sg.
Corollary 2.10. If f : X → Y is an isomorphism between affine varieties,
then f is finite.
Proof. There exists g : Y → X such that f ◦ g = idY . Then by Proposition
2.9 Sf ⊂ SidY = ∅, so f is finite.
Proposition 2.11. Let X, Y, Z be affine varieties, g : Y → Z be a regular
dominant map, and let f : X → Y be a finite map. Then Sg = Sg◦f .
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Proof. Inclusion Sg ⊂ Sg◦f follows from Proposition 2.9.
To prove the other inclusion let z ∈ Z \ Sg, then there exists an open set
z ∈ U such that
g−1(U)
g
−→ U
is finite. So by the definition
K[U ]
g∗
−→ K[g−1(U)]
is an integral extension of rings. From the assumption we know that f is
finite, so
K[g−1(U)]
f∗
−→ K[(g ◦ f)−1(U)]
is also an integral extension of rings. Now the composition
K[U ]
g∗
−→ K[g−1(U)]
f∗
−→ K[(g ◦ f)−1(U)]
is also an integral extension of rings. Hence the map
(g ◦ f)−1(U)
g◦f
−−→ U
is finite and z ∈ Z \ Sg◦f .
Proposition 2.12 ([11]). Let f : X → Y be a generically finite mapping
between affine varietiesX ⊂ Kn and Y ⊂ Km. Let
graph(f) = {(x, y) ∈ X × Y : yi = fi(x)}
and let graph(f) be its closure in Pn ×Km. Then there is an equality
Sf = p2(graph(f) \ graph(f)),
where p2 denotes the projection P
n ×Km → Km.
Proof. Observe that morphism
i : X ∋ x→ (x, f(x)) ∈ graph(f)
is finite and that f = p2 ◦ i. Now due to Proposition 2.11 Sf = Sp2 . So it is
enough to show that Sp2 = p2(graph(f) \ graph(f)).
We will show the inclusion ⊂. Suppose
y /∈ p2(graph(f) \ graph(f)).
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Then there exists an open neighborhood U of y, which is disjoint from
p2(graph(f) \ graph(f)).
Since the projection p2 is proper, the mapping
p2|p−1
2
(U) : p
−1
2 (U)→ U
is also proper. The map f |f−1(U) has finite fibers, hence also the map
p2|p−1
2
(U) has finite fibers. Due to [8] (page 142, Theorem 2.27) the map
p2|p−1
2
(U) is finite, and consequently y /∈ Sp2 .
The opposite inclusion is also true, however since we will not use it,
we do not prove it.
The following property is well-known as curve selection lemma:
Lemma 2.13. Let X, Y be affine varieties, let f : X → Y be a regular dom-
inant map, and let y ∈ Sf . Then there exists an affine curve Γ ⊂ X , such that
y ∈ Sf |Γ .
Proof. It is enough to show that if X, Y are affine varieties, dimX = n > 1,
f : X → Y is a regular dominant map, and let y ∈ Sf , then there exists an
affine variety X ′ ⊂ X , such that
dimX ′ = dimX − 1 and y ∈ Sf |X′
Then the assertion follows from the induction.
Suppose X ⊂ Km. Without the loss of generality we can assume X is
irreducible. From Proposition 2.12 we know that
y ∈ Sf = p2(graph(f) \ graph(f)).
So there exists
x ∈ graph(f) \ graph(f) = graph(f) ∩ (Pm \Km),
such that (x, y) ∈ graph(f). Consider irreducible hypersurfaces H in
graph(f) passing through (x, y) and different from graph(f) \ graph(f).
Take any such H , now X ′ equal to projection of H ∩ Km to X satisfies
our requirements.
Two most important properties of the set Sf are the following:
Theorem 2.14 ([10], page 5, Theorem 3.8). Let X, Y be affine varieties,
and let f : X → Y be a regular generically finite map. Then the set Sf is a
hypersurface in f(X) or it is empty.
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The second property is that if X is additionally K-uniruled, then the
set Sf is also K-uniruled. We are going to prove it. First we will consider
the case of surfaces.
Let X be a smooth projective surface and let D =
∑n
i=1Di be a simple
normal crossing divisor on X (here we consider only reduced divisors).
Let graph(D) be a graph of D, with vertices Di, and an edge between Di
and Dj for each point of intersection of Di and Dj .
Definition 2.15. We say that a simple normal crossing divisorD on a smooth
surfaceX is a tree if graph(D) is a tree (it is connected and acyclic).
The following fact is obvious.
Proposition 2.16. Let X be a smooth projective surface and let D ⊂ X be
a divisor which is a tree. If D′, D′′ ⊂ D are connected divisors without common
components, then D′ and D′′ have at most one common point.
Theorem 2.17. Let Γ be an affine curve, and let f : Γ × K → Km be a
generically finite mapping. Then the set Sf is K-uniruled or it is empty.
Proof. Take an affine normalization ν : Γν → Γ ([25]) of the curve Γ. From
Proposition 2.11 we get that Sf = Sν◦f , because normalization is a finite
mapping. Hence we can assume that the curve Γ is smooth.
Let Γ be a smooth completion of Γ, and let us denote Γ\Γ = {a1, . . . , al}.
Let X = Γ×K and X = Γ× P1 be a projective closure of X . The divisor
D = X \X = Γ×∞+
l∑
i=1
{ai} × P
1
is a tree. We can resolve points of indeterminacy of the rational map f :
X 99K Pm.
π

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Xm
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X P
m
f
f ′
π1
πm−1
πm
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❄
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Denote the proper transform of Γ × ∞ by π∗(Γ × ∞). It is an easy
observation that f ′(π∗(Γ × ∞)) ⊂ H∞, where H∞ is the hyperplane at
infinity of Pm.
Note that the divisor D′ = π∗(D) is a tree, since each πi is a blow up.
Moreover irreducible components ofD′ are π∗(Γ×∞) and P1’s. The curve
C = f ′−1(H∞) ⊂ D
′ is a complement of a semi-affine variety f ′−1(Km)
hence it is connected (for details see [10], Lemma 4.5).
Now Sf = f
′(D′ \ C). Let R ⊂ Sf be an irreducible component. From
Proposition 2.14 we know that R is a curve. So there is an irreducible
curve Z ⊂ D′, such that R = f ′(Z \ C). By Proposition 2.16 we have
that Z has at most one common point with C. Of course it has at least
one, since every morphism from irreducible projective variety to an affine
variety is constant. So R = f ′(Z \ C) = f ′(K). This completes the proof
due to Proposition 1.8 and the fact that Sf consists only of finite number
of parametric curves.
Theorem 2.18 ([18], page 3673, Theorem 4.1). LetX, Y be affine varieties,
and let f : X → Y be a regular dominant map. If X is additionally K-uniruled,
then the set Sf is also K-uniruled or it is empty.
Proof. Due to Proposition 1.8 there exists a regular dominant map g :
K × W → X . From Proposition 2.9 we have that Sf ⊂ Sg◦f , and from
Proposition 2.14 both sets are of the same pure dimension. Therefore it is
enough to prove the assertion for f : K×W → Y .
Let y ∈ Sf . Using Lemma 2.13 we get that there is a curve Γ ⊂ K ×W
such that f |Γ is not proper at y. Let p2 : K ×W → W be a projection, and
Γ′ = p2(Γ). Of course Γ
′ is still a curve, because otherwise Γ = K and f |Γ
would be finite. We have that Γ ⊂ K× Γ′, so
y ∈ Sf |Γ ⊂ Sf |K×Γ′ ⊂ Sf .
From Proposition 2.17 we get that there exists a parametric curve con-
tained in Sf passing through y. By Propositions 1.5 and 1.8 this completes
the proof for uncountable fields K. For countable fields we extend X, Y, f
to an uncountable field K ⊂ L and use Proposition 1.11.
To motivate one conjecture we will need one more property of the set
Sf . It describes its degree as a hypersurface.
Theorem 2.19 ([9], page 264, Theorem 15). Let f : Cn → Cn be a domi-
nant polynomial map. Then the degree of a hypersurface Sf is at most
∏
i deg fi − µ(f)
mini deg fi
,
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where µ(f) denotes the multiplicity of f .
2.2 A complex field case
For the whole section we asume that the base field is C.
The condition that a map is finite at a point y is equivalent to the fact
that it is locally proper in the classical topology sense (there exists an open
neighborhood U of y such that f−1(U) is compact). This characterization
gives the following:
Proposition 2.20 ([9], page 260, Proposition 3). Let f : X → Y be a
generically finite mapping between affine varieties over C. Then y ∈ Sf if and
only if there exists a sequence (xn)n∈N, such that |xn| → ∞ and f(xn)→ y.
We will need a classical theorem of complex analysis.
Theorem 2.21 (Rouché [23]). Let f, g : C → C be holomorphic functions.
Suppose that |g(z)| < |f(z)| for every z ∈ ∂D, where D is a region. Then f and
f + g have the same number of zeros (counted with multiplicities) insideD.
We are ready to prove the following:
Theorem 2.22. Let f : Cn → Cm be a generically finite polynomial mapping
of degree d. Then the set Sf has degree of C-uniruledness at most d − 1 or it is
empty.
Proof. Let y ∈ Sf , by an affine transformation we can assume that
y = O = (0, 0, . . . , 0) ∈ Cm.
From the same reason we can assume that O /∈ f−1(Sf ).
Due to Proposition 2.20 there exists a sequence of points |xk| → ∞ such
that f(xk)→ O. Let us consider lines
Lk(t) = tO + (1− t)xk = (1− t)xk, t ∈ C.
Denote lk(t) = f(Lk(t)). Infinite fibers cover only a subset of codimension
at least 2 in Cn, and due to Proposition 2.14 the codimension of Sf equals
to 1. Thus by Proposition 1.8 we can assume that deg lk > 0. Note also that
deg lk ≤ d. Each curve lk is given by m polynomials of one variable:
lk(t) = (
d∑
i=0
a1i (k)t
i, . . . ,
d∑
i=0
ami (k)t
i).
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Hence we can associate lk with a point
(a10(k), . . . , a
1
d(k); . . . ; a
m
0 (k), . . . , a
m
d (k)) ∈ C
N .
For each i when k → ∞, then ai0(k) → 0. So we can change the
parametrization of lk by putting t → λkt, in such a way that ‖lk‖ = 1,
for k ≫ 0 (we consider here lk as an element of C
N with the Euclidean
norm).
Now, since unit sphere is compact, there exists a subsequence (lkr)r∈N
of (lk)k∈N, which is convergent to a polynomial mapping
l : C→ Cm,
with l(0) = O. Moreover, l is non-constant, because ‖l‖ = 1, and l(0) = O.
Choosing a subsequence we can also assume that the limit
limk→∞λk = λ
exists in the compactification of the field C. Consider two cases:
1. λ ∈ C is finite. If k →∞, then Lk(λkt) = (1−λkt)xk →∞ for t 6= λ
−1.
2. λ = ∞. If k → ∞, then ‖Lk(λkt)‖ ≥ (|λkt| − 1)‖xk‖, and hence
‖Lk(λkt)‖ → ∞ for every t 6= 0.
On the other hand if k →∞
f(Lk(λkt)) = lk(λkt)→ l(t),
so using once more Proposition 2.20 this means that the curve l is con-
tained in the set Sf . As a consequence the set Sf has degree of C-uniruled-
ness at most d.
To complete the proof we should show that deg l < d. It is enough
to prove that deg l < deg lk for some k. Suppose the contrary, what is
deg l = deg lk for all k. Let
l(t) = (l1(t), . . . , lm(t)) and lk(t) = (l
k
1(t), . . . , l
k
m(t)).
We can assume that a component l1(t) has the maximum degree. Denote
a = (a1, . . . , am) = f(O). All roots of the polynomial l1(t)−a1 are contained
in the interior of some disc
D = {t ∈ C : |t| < R}.
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Let
ǫ = inf{|l1(t)− a1| : t ∈ ∂D}.
For k ≫ 0 we have
|(l1 − a1)− (l
k
1 − a1)|D < ǫ.
Consequently by Rouché Theorem 2.21 these polynomials have the
same number of zeros (counted with multiplicities) in D. In particular
zeros of lk1 − a1 are bounded. All curves Lk pass through O, so all lk pass
through a = f(O). These means that there exists a sequence tk such that
lk(tk) = a. We have just showed that |tk| < R, since tk is a root of the
polynomial lk1 − a1.
So we can assume that the sequence tk converges to some t0. When we
pass to the limit we get l(t0) = a, this is a contradiction, since a = f(O) 6∈
Sf .
In a similar way we can prove the following generalization of Theorem
2.22:
Theorem 2.23. Let X = C×W ⊂ C× Cn be an affine cylinder and let
f : C×W ∋ (t, w)→ (f1(t, w), . . . , fm(t, w)) ∈ C
m
be a generically finite polynomial mapping. Assume that for every i there is
degt fi ≤ d. Then the set Sf has degree of C-uniruledness at most d or it is
empty.
Proof. As before for y ∈ Sf because of an affine transformation we can
assume that
y = O = (0, 0, ..., 0) ∈ Cm.
Due to Proposition 2.20 there exists a sequence of points (ak, wk)k∈N ⊂
C×W , such that
|(ak, wk)| → ∞ and f(ak, wk)→ y.
Let us consider lines
Lk(t) = ((1− t)ak, wk), t ∈ C.
Denote lk(t) = f(Lk(t)).
Infinite fibers cover only a subset of codimension at least 2 in f(C×W ),
while due to Proposition 2.14 the codimension of Sf equals to 1. Thus by
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Proposition 1.8 we can assume that deg lk > 0. Note also that deg lk ≤ d.
Each curve lk is given bym polynomials of one variable:
lk(t) = (
d∑
i=0
a1i (k)t
i, . . . ,
d∑
i=0
ami (k)t
i).
As before we can associate lk with a point
(a10(k), . . . , a
1
d(k); . . . ; a
m
0 (k), . . . , a
m
d (k)) ∈ C
N .
For each i when k → ∞, then ai0(k) → 0. Thus we can change the
parametrization of lk by t → λkt, in such a way that ‖lk‖ = 1, for k ≫ 0
(we consider lk as an element of C
N with the Euclidean norm).
Compactness of unit sphere implies that there exists a subsequence
(lkr)r∈N of (lk)k∈N, which is convergent to a polynomial mapping
l : C→ Cm,
with l(0) = O. Moreover, l is non-constant, because ‖l‖ = 1 and l(0) = O.
We can also assume that the limit
limk→∞λk = λ
exists in the compactification of the field C. We consider two cases:
1. λ is finite. If k →∞, then Lk(λkt) = ((1−λkt)ak, wk)→∞ for t 6= λ
−1.
2. λ = ∞. If k → ∞, then ‖Lk(λkt)‖ ≥ max((|λkt| − 1)|ak|, ‖wk‖), and
‖Lk(λkt)‖ → ∞ for every t 6= 0.
But on the other hand
f(Lk(λkt)) = lk(λkt)→ l(t),
so using once more Proposition 2.20 we get that the curve l is contained in
the set Sf . Thus the set Sf has degree of C-uniruledness at most d.
Corollary 2.24. Let f = (f1, ..., fm) : C
n → Cm be a generically finite
polynomial mapping with d = minj maxi degxj fi. Then the set Sf has degree of
C-uniruledness at most d or it is empty.
Theorem 2.25. Let X be an affine variety with degree of C-uniruledness at
most d1 and let f : X → C
m be a generically finite polynomial mapping of degree
d2. Then the set Sf has degree of C-uniruledness at most d1d2 or it is empty.
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Proof. By Definition 1.9 there exists an affine variety W with dimW =
dimX − 1, and a dominant polynomial map
φ : C×W → X
of degree in the first coordinate at most d1. Equality dimC ×W = dimX
implies that φ is generically finite, hence also generically finite is the map
f ◦ φ : C×W → Cm.
It is of degree in the first coordinate at most d1d2. Due to Theorem 2.23
the set Sf◦φ has degree of C-uniruledness at most d1d2. By Proposition 2.9
there is an inclusion Sf ⊂ Sf◦φ. From Theorem 2.14 we know that if not
empty, then both sets are of pure dimension dimX − 1, so components of
Sf are components of Sf◦φ. This implies the assertion.
Example 2.26. Consider the following polynomial mapping
f : Cn ∋ (x1, . . . , xn)→ (x1, x1x2, . . . , x1xn) ∈ C
n.
We have deg f = 2 and Sf = {x ∈ C
n : x1 = 0}. The set Sf has degree of
C-uniruledness equal to one. This shows that in general Theorems 2.22, 2.23 and
Corollary 2.24 can not be improved.
Example 2.27. Consider the following polynomial mapping
f : C2 ∋ (x, y)→ (x+ (xy)d, xy) ∈ C2.
We have deg f = 2d and Sf = {(s, t) ∈ C
2 : s = td}. The set Sf has degree of
C-uniruledness equal to d. This shows that in general Corollary 2.24 can not be
improved.
Example 2.28. For n > 2 let X = {x ∈ Cn : x1x2 = 1}, and
f : X ∋ (x1, . . . , xn)→ (x2, . . . , xn) ∈ C
n−1.
The variety X has degree of C-uniruledness equal to one, moreover we have
deg f = 1 and Sf = {x ∈ C
n−1 : x1 = 0}. So the set Sf has degree of C-
uniruledness one. This shows that in general Theorems 2.23, 2.25 can not be
improved.
Remark 2.29. Let us note that by Proposition 1.11 all results from this sec-
tion remain true for arbitrary algebraically closed field of characteristic zero.
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2.3 A real field case
For the whole section we assume that the base field is R.
Let X ⊂ Rm be a closed semialgebraic set, and let f : X → Rn be a
polynomial mapping. As in the complex case we say that f is not proper
at a point y ∈ Rn if there is no neighborhood U of y such that f−1(U)
is compact. The set of all points y ∈ f(X) at which the mapping f is not
proper we denote as before by Sf . This set is also closed and semialgebraic
[13]. The results of [13] can be generalized as follows:
Theorem 2.30. Let f : Rn → Rm be a generically finite polynomial mapping
of degree d. Then the set Sf has degree of R-uniruledness at most d − 1 or it is
empty.
Theorem 2.31. LetX = R×W ⊂ R×Rn be a closed semialgebraic cylinder
and let
f : R×W ∋ (t, w)→ (f1(t, w), . . . , fm(t, w)) ∈ R
m
be a generically finite polynomial mapping. Assume that for every i there is
degt fi ≤ d. Then the set Sf has degree of R-uniruledness at most d or it is
empty.
Corollary 2.32. Let f = (f1, ..., fm) : R
n → Rm be a generically finite
polynomial mapping with d = minj maxi degxj fi. Then the set Sf has degree of
R-uniruledness at most d or it is empty.
Proofs of these facts are exactly the same as in the complex case (see
section 2.2). To prove a real analog of Theorem 2.25 we need some new
ideas.
Theorem 2.33. Let X be a closed semialgebraic set with degree of R-uni-
ruledness at most d1, and let f : X → R
m be a generically finite polynomial
mapping of degree d2. Then the set Sf has degree of R-uniruledness at most 2d1d2
or it is empty.
Proof. Let a ∈ Sf and let (xk)k∈N ⊂ X be a sequence of points such that
f(xk) → a and xk → ∞. By Proposition 1.12 there exists a semialgebraic
curveW and a generically finite polynomial map
φ : R×W ∋ (t, w)→ φ(t, w) ∈ X,
such that degt φ ≤ d1, and there exists a sequence (yk)k∈N ⊂ R ×W such
that f(φ(yk)) → a and φ(yk) → ∞. In particular a ∈ Sf◦φ. Let Γ be a
Zariski closure ofW . We can assume that Γ and its complexification Γc are
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smooth. Denote Z := R × Γ. We have the induced mapping φ : Z → X .
Hence we have also the induced complexmapping φc : Zc := C×Γc → Xc,
where Zc, Xc denote the complexification of Z and X respectively.
Let Γc be a smooth completion of Γc and let us denote Γc\Γc = {a1, ..., al}.
Now P1C× Γc is a projective closure of Zc. The divisor
D = Zc \ Zc =∞× Γc +
l∑
i=1
P1C× {ai}
is a tree. The mapping φ induces a rational mapping φ : Zc 99K Xc, where
Xc denotes the projective closure of Xc. We can resolve points of indeter-
minacy of this mapping:
π


Zcm
Zcm−1
...
Zc Xc
φ
φ′
π1
πm−1
πm
❄
❄
❄
✲
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅❘
Observe that H := π−1(Z) has a structure of a real variety and R× Γ ⊂
H . Denote Q := Zm ∩ φ
′−1(Xc). Then the mapping φ′ : Q → Xc is proper.
Moreover, Q = Zm \ φ
′−1(Xc \ Xc). The divisor D1 = φ
′−1(Xc \ Xc) is
connected as a complement of a semi-affine variety φ′−1(Xc) (for details
see [10], page 8, Lemma 4.5). Note that the divisor D′ = π∗(D) is a tree.
Hence the divisor D1 ⊂ D
′ is also a tree.
We can consider the mapping f ′ = f ◦ φ′ : R × Γ → Rn as the regular
mapping f ′ : Q → Cn. This mapping induces a rational mapping from
Hc = Zcm to P
nC. As before we can resolve its points of indeterminacy:
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ψ

Hck
Hck−1
...
Hc P
n(C)
f ′
F
ρ1
ρk−1
ρk
❄
❄
❄
✲
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅❘
Note that the divisor D′1 = ψ
∗(D1) is a tree. Denote a proper transform
of∞× Γ by∞′ × Γ. It is an easy observation that F (∞′ × Γ) ⊂ π∞, where
π∞ denotes the hyperplane at infinity of P
nC. Now Sf ′ = F (D1\F
−1(π∞)).
The curve L = F−1(π∞) is connected (the same argument as above). Now
by Proposition 2.16 we have that every irreducible curve l ⊂ D1 (we have
l ∼= P1C) which does not belong to L has at most one common point with
L.
Let R be an irreducible component of Sf ′ . Hence R is a curve. There
is a curve l ⊂ D1, which has exactly one common point with L, such that
R = F (l \ L). If l is given by blowing up of a real point, then L also has a
real common point with l (since the conjugate point also is a common point
of l and L). When we restrict to the real model lr of l we have lr \ L ∼= R.
Hence if we restrict our consideration only to the real points and to the set
Qr := R×W ⊂ Q (we consider here a closure in the euclidian topology)
we see that the set S of non-proper points of the mapping f ′|Qr is a union
of parametric curves F (lr \ L), l ∈ D1, ψ(l) ∈ Qr, where the last closure
is the closure in a real projective space. Of course a ∈ S ⊂ Sf . Similarly
the set Sf◦φ is a union of parametric curves F (l
r \L), l ∈ ψ∗(D′), π(ψ(l)) ⊂
R×W ⊂ Z. Hence we can say that a "irreducible component" of the set of
non-proper points of f ′|Qr is also a "irreducible" component of Sf◦φ. Now
we can finish the proof by Theorem 2.23 and the following Lemma 2.34.
Lemma 2.34. Let ψ : R → Rn be a parametric curve. If there exists a
parametric curve φ : R→ Rn of degree at most d with ψ(R) ⊂ φ(R), then ψ(R)
has degree of R-uniruledness at most 2d.
Proof. Indeed, let φ(t) = (φ1(t), . . . , φn(t)) and consider a field
L = R(φ1, . . . , φn).
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By the Lüroth Theorem 1.2 there exists a rational function g(t) ∈ R(t) such
that L = R(g(t)). In particular φi(t) = fi(g(t)). In fact we have two induced
mappings
f : P1R→ PnR and g : P1R→ P1R.
Moreover, f ◦g = φ. LetA∞ denote the unique point at infinity of a Zariski
closure of ψ(R) and let∞ = f
−1
(A∞). This implies that #g
−1(∞) = 1 and
we can assume that g−1(∞) = ∞, i.e., g ∈ R[t]. Similarly fi ∈ R[t]. Now if
deg g = 1 then f : R → Rn covers the whole φ(R), because the image of
f is open and closed in φ(R). Otherwise we can compose f with suitable
polynomial of degree two to obtain the whole φ(R) in the image.
In the same way we can compose f with suitable polynomial of degree
one or two to obtain whole ψ(R) in the image. In any case ψ(R) has a
parametrization of degree bounded by 2 deg f ≤ 2d.
Theorem 2.33 gives the following:
Corollary 2.35. LetX be a closed semialgebraic set which is R-uniruled and
let f : X → Rm be a generically finite polynomial mapping. Then every con-
nected component of the set Sf is unbounded.
2.4 A field of positive characteristic case
In this section we assume K to be an arbitrary algebraically closed field.
We begin with a useful lemma.
Lemma 2.36. Let A ⊂ Kn be an affine set, and let f be a regular function on
Kn not equal to 0 on any component of A. Suppose that for each c ∈ K∗ the set
Ac := A ∩ {x ∈ K
n : f(x) = c}
has degree ofK-uniruledness at most d. ThenA0 also has degree ofK-uniruledness
at most d.
Proof. Suppose that
A = {x ∈ Kn : g1(x) = 0, . . . , gr(x) = 0}.
For a = (a1, . . . , an) ∈ K
n and b = (b1,1 : · · · : bd,n) ∈ P
dn−1, let
ϕa,b : K ∋ t→ (a1 + b1,1t+ · · ·+ b
d
1,dt
d, . . . , an + bn,1t + · · ·+ b
d
n,dt
d) ∈ Kn
34
be a parametric curve of degree at most d. Let us consider a variety and a
projection
Kn × Pdn−1 ⊃ V = {(a, b) ∈ Kn × Pdn−1 : ∀t,i gi(ϕa,b(t)) = 0 and
∀t1,t2 f(ϕa,b(t1)) = f(ϕa,b(t2))} ∋ (a, b)→ a ∈ K
n.
The definition of the set V says that parametric curves ϕa,b are contained
in A and f is constant on them. Hence V is closed and the image of the
projection is contained inA. Moreover the image contains allAc for c ∈ K
∗,
since they are filled with parametric curves of degree at most d. But since
Pdn−1 is complete and V is closed we have that the image is closed, and
hence it is the whole set A. In particular A0 is contained in the image, so it
is filled with parametric curves of degree at most d.
We are ready to prove an analog of Theorem 2.22 for general fields.
Theorem 2.37. Let K be an arbitrary algebraically closed field, and let f :
Kn → Km be a generically finite polynomial mapping of degree d. Then the set
Sf has degree of K-uniruledness at most d or it is empty.
Proof. If n = 1 then the map is proper and Sf is empty.
We consider the case n ≥ 2. Due to Proposition 2.12
Sf = p2(graph(f) \ graph(f)),
so it is enough to prove that the set
graph(f) \ graph(f)
is filled with parametric curves of degree at most d. It is because we take
images of curves under projection p2 which is of degree 1, and both sets
are of the same dimension, so only on a codimension 1 subvariety images
of curves can become points.
Denote the coordinates in Pn×Km by (x0 : · · · : xn; xn+1, . . . , xn+m). Let
us take an arbitrary point
z ∈ graph(f) \ graph(f) = graph(f) ∩ {x0 = 0}.
There exists 1 ≤ i ≤ n such that zi 6= 0. Consider sets
A := graph(f)∩{xi 6= 0} and Ac := graph(f)∩{xi 6= 0}∩{x0 = cxi} for c ∈ K.
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The set A is affine and sets Ac satisfy assumptions of Lemma 2.36 for f =
x0
xi
. Sets Ac for c 6= 0 are filled with parametric curves of degree at most d,
because we can take j 6= 0, i and curves
K ∋ t→ (c : a1 : · · · : ai−1 : 1 : · · · : aj−1 : t : aj+1 : . . . )
f
−→ Ac ⊂ graph(f).
Hence the set
A0 = graph(f) ∩ {xi 6= 0} ∩ {x0 = 0}
is also filledwith such curves andwe get that though z passes a parametric
curve of degree at most d in
graph(f) ∩ {x0 = 0},
this finishes the proof.
By looking carefully at the proof of the above theorem we get the fol-
lowing slightly more general result:
Theorem 2.38. Let K be an arbitrary algebraically closed field, and let f :
K ×W → Km be a generically finite polynomial mapping of degree d. Then the
set Sf is empty or all its components have degree of K-uniruledness at most d,
except possibly components of p2(graph(f) ∩ {(0 : 1 : 0 : . . . )} ×K
m).
Proof. Suppose K×W ⊂ K×Kn. As before it is enough to show that
graph(f) \ graph(f)
is filledwith parametric curves of degree at most d. Let us take an arbitrary
point
z ∈ graph(f) \ graph(f) = graph(f) ∩ {x0 = 0}.
If there exists i 6= 1 such that zi 6= 0 then the idea from the proof of
Theorem 2.37 works. We apply Lemma 2.36 to the set
A := graph(f) ∩ {xi 6= 0} and f =
x0
xi
.
Sets Ac for c 6= 0 are filled with parametric curves of degree at most d
K ∋ t→ (c : t : a2 : · · · : ai−1 : 1 : ai+1 · · · : an)
f
−→ Ac ⊂ graph(f).
Otherwise z = (0, 1, 0 . . . , 0). So for every component C of Sf which is
different from components of p2(graph(f)∩{(0 : 1 : 0 : . . . )}×K
m) its open
dense subset is covered by parametric curves of degree at most d, thus by
Proposition 1.8 component C has degree of K-uniruledness at most d.
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When applying Theorem 2.38 to two different directions we get:
Corollary 2.39. Let K be an arbitrary algebraically closed field, and let f :
K2 ×W → Km be a generically finite polynomial mapping of degree d. Then the
set Sf has degree of K-uniruledness at most d or it is empty.
Proof. Apply Theorem 2.38 to two directions. As previously it is enough
to show that any component C of
graph(f) \ graph(f)
has degree of K-uniruledness at most d. From the first direction we get
that for any component of
graph(f) \ graph(f) \ graph(f) ∩ {(0 : 1 : 0 : 0 : . . . )} ×Km,
has degree of K-uniruledness at most d, while from the second direction
we get it for any component of
graph(f) \ graph(f) \ graph(f) ∩ {(0 : 0 : 1 : 0 : . . . )} ×Km.
Since C is a component of at least one of them the assertion follows.
2.5 Remarks
When we consider all generically finite mappings Cn → Cn of degree at
most D, then by Theorem 2.18 hypersurfaces Sf are all C-uniruled and by
Theorem 2.19 their degree is bounded. It happens that they all are also of
bounded degree of C-uniruledness (namely by D − 1, this follows from
Theorem 2.22). It is reasonable to ask the following question:
Question 2.40. Does for every n and d exist a universal constant D =
D(n, d), such that all K-uniruled hypersurfaces in Kn of degree at most d have
degree of K-uniruledness at most D(n, d)?
We can ask an even stronger question:
Question 2.41. Does for every n and d there exist a universal constant D =
D(n, d), such that if a hypersurface in Kn of degree at most d contains a paramet-
ric curve passing through O = (0, . . . , 0), then it also contains such a parametric
curve of degree at most D(n, d)?
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We can show the following equivalent condition to the affirmative an-
swer to Question 2.41. Let us define
Kn,d,D = {a = (a1, . . . , as) ∈ K
(n+dd ) : such that hypersurface in Kn defined
by fa = a1 + a2x1 + · · ·+ asx
d
1 · · ·x
d
n = 0 contains a parametric curve
passing through O of degree at most D},
and let
Kn,d = {(a1, . . . , as) ∈ K
(n+dd ) : such that hypersurface in Kn defined by
fa = a1 + a2x1 + · · ·+ asx
d
1 · · ·x
d
n = 0 contains a parametric curve
passing through O}.
Proposition 2.42. The setKn,d,D is closed.
Proof. For b = (b1,1 : · · · : bD,n) ∈ P
M , whereM = Dn− 1, let
ϕb : K ∋ t→ (b1,1t+ · · ·+ b
D
1,Dt
D, . . . , bn,1t + · · ·+ b
D
n,Dt
D) ∈ Kn
be a parametric curve of degree at most D passing through O. Consider a
variety and a projection
K(
n+d
d ) × PM ⊃ V = {(a, b) : ∀t fa(ϕb(t)) = 0} ∋ (a, b)→ a ∈ K
(n+dd ).
By the definition the set V is closed and it consists of pairs (a, b) corre-
sponding to pairs (fa, ϕb) of a hypersurface and a parametric curve pass-
ing through O contained in it. Hence the image equals toKn,d,D. But since
PM is complete and V is closed the image is also closed.
Proposition 2.43. Let K be an uncountable field. Then the following condi-
tions are equivalent:
1. the setKn,d is closed,
2. the answer to Question 2.41 is positive.
Proof. Obviously Kn,d =
⋃
D∈NKn,d,D. Implication (1) ⇒ (2) follows from
Baire’s Theorem 1.6, the opposite one is trivial.
Affirmative answers in the case of K = C from section 2.2 and K = R
from section 2.3 lead to the following natural conjecture:
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Conjecture 2.44. Let K be an arbitrary algebraically closed field, and let f :
Kn → Km be a generically finite polynomial mapping of degree d. Then the set
Sf has degree of K-uniruledness at most d− 1 or it is empty.
Theorems 2.25 and 2.33 suggests the following two conjectures:
Conjecture 2.45. Let K be an arbitrary algebraically closed field, X be an
affine variety with degree of K-uniruledness at most d1 and let f : X → K
m be a
generically finite polynomial mapping of degree d2. Then the set Sf has degree of
K-uniruledness at most d1d2 or it is empty.
Conjecture 2.46. Let X be a closed semialgebraic set with degree of R-uni-
ruledness at most d1, and let f : X → R
m be a generically finite polynomial
mapping of degree d2. Then the set Sf has degree of R-uniruledness at most d1d2
or it is empty.
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Chapter 3
The set of fixed points of group
actions
In the whole Chapter, unless stated otherwise, K is assumed to be an arbi-
trary algebraically closed field. We are going to remind the definition and
a characterization of unipotent groups. The main goal of this Chapter is to
show that under some conditions the set of fixed points Fix(G) of action
of an algebraic group G is K-uniruled.
In particular we prove:
Theorem 3.1. Let G be a nontrivial connected unipotent algebraic group
which acts effectively on an affine variety X . Then the set of fixed points of G
is a K-uniruled variety.
Theorem 3.2. LetG be an infinite connected algebraic group which acts effec-
tively on Kn, for n ≥ 2. Assume that an irreducible hypersurface H is contained
in the set of fixed points of G. Then H is K- uniruled.
3.1 Introduction
We will use the following definition of unipotent groups.
Definition 3.1. An algebraic group G is unipotent if there exists a series of
normal algebraic subgroups
0 = G0 ⊳ G1 ⊳ · · · ⊳ Gr = G,
such that Gi/Gi−1 ∼= Ga = (K,+, 0).
Let G be a connected unipotent algebraic group, which acts effectively
on a variety X . The set of fixed points of this action was intensively stud-
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ied (see [1, 3, 4, 6]). In particular Białynicki-Birula proved that if X is an
affine variety, then G has no isolated fixed points.
Here we also consider the case when X is an affine variety. We gen-
eralize the result of Białynicki-Birula by proving, that the set Fix(G) of
fixed points of G is in fact a K-uniruled variety. So through every point
x ∈ Fix(G) passes a parametric curve.
We also show that if an arbitrary infinite connected algebraic group G
acts effectively on Kn and the set of fixed points contains a hypersurface
H then this hypersurface is K-uniruled. It was known before for the case
K = C [14].
3.2 The set of fixed points of a unipotent group
We begin with a quite natural observation:
Lemma 3.2. Let algebraic group G act on affine varieties X, Y and let f :
X → Y be a generically finite G-invariant mapping (for any x ∈ X, g ∈ G there
is gf(x) = f(gx)). Then the set Sf of points at which map f is not proper is also
G-invariant (for any y ∈ Sf , g ∈ G there is gy ∈ Sf ).
Proof. It is enough to show that the complement of the set Sf isG-invariant.
Suppose that f is proper at y ∈ Y . This means that there exists an open
neighborhood U of y such that the mapping
f |f−1(U) : f
−1(U)→ U
is finite. We have the following diagram:
f−1(gU) = gf−1(U)f−1(U)
U gU
f |f−1(gU)f |f−1(U)
g
g−1
❄
✲
✛
❄
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Horizontal mappings are isomorphisms, hence by Corollary 2.10 they
are finite. The map f |f−1(gU) is a composition of finite maps, so it is also
finite. Hence gy /∈ Sf .
The aim of this section is to prove the following:
Theorem 3.3. Let G be a nontrivial connected unipotent algebraic group
which acts effectively on an affine variety X . Then the set of fixed points of G
is a K-uniruled variety.
Proof. By the induction on dimG we can easily reduce the general case to
the case of G = Ga. Indeed let
0 = G0 ⊳ G1 ⊳ · · · ⊳ Gr = G
be a normal series like in Definition 3.1. Now Fix(G) ⊂ Fix(Gr−1). The set
Fix(Gr−1) is invariant under G action, moreover Gr−1 acts trivially on it.
So the group G/Gr−1 ∼= Ga acts on Fix(Gr−1). If this action is trivial, then
Fix(G) = Fix(Gr−1) and the assertion follows from the inductive assump-
tion. Otherwise Ga acts effectively on Fix(Gr−1) so the set of fixed points
Fix(G) is K-uniruled.
First assume that the field K is uncountable. Take a point a ∈ Fix(G).
By Propositions 1.5 and 1.8 it is enough to prove, that there exists a para-
metric curve S ⊂ Fix(G) passing through a. Let L be an irreducible curve
inX passing through a, which is not contained in any orbit ofG andwhich
is not contained in Fix(G).
Consider a surface Y = L × G. There is natural G action on Y . For
h ∈ G and y = (l, g) ∈ Y we put h(y) = (l, hg) ∈ Y . Take a mapping
Φ : L×G ∋ (x, g)→ gx ∈ X.
It is a generically finite polynomial mapping.
Observe that it is G−invariant, Φ(gy) = gΦ(y). Due to Lemma 3.2 this
implies that the set SΦ of points at which the mappingΦ is not finite is also
G-invariant.
Theorem 2.17 gives that the set SΦ is K-uniruled. Let SΦ = S1 ∪ · · · ∪ Sk
be the decomposition of SΦ into parametric curves. Since the set SΦ is G-
invariant, we have that each curve Si is also G-invariant.
Note that the point a belongs to SΦ, because the fiber over a has an
infinite number of points. We can assume that a ∈ S1. We want to show
that S1 ⊂ Fix(G). Let x ∈ S1, assume x /∈ Fix(G), then Gx = S1 and a
would be in the orbit of x, this is a contradiction with a ∈ Fix(G). Hence
a ∈ S1 ⊂ Fix(G), which ends the proof of an uncountable field case.
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Now assume that the field K is countable. Let L be an uncountable
algebraically closed extension of K. Then the group LG acts on LX and
Fix(LG) = LFix(G). By the first part of our proof the variety Fix(LG) is
L-uniruled, so due to Proposition 1.11 the set Fix(G) is K-uniruled.
We get a following corollary:
Corollary 3.4 (Białynicki-Birula [1]). LetG be a nontrivial connected unipo-
tent group which acts effectively on an affine variety X . Then G has no isolated
fixed points.
3.3 Hypersurface contained in the set
of fixed points
We generalize the main result of [14] from C to an arbitrary algebraically
closed field.
Theorem 3.5. LetG be an infinite connected algebraic group which acts effec-
tively on Kn, for n ≥ 2. Assume that an irreducible hypersurface H is contained
in the set Fix(G) of fixed points of G. Then H is K-uniruled.
Proof. SinceG acts effectively on the affine spaceKn, then by the Chevalley
Theorem ([25], page 190, Theorem C) we can assume that the group G is
affine. In particular it contains either the subgroup Gm = (K
∗, ·, 1) or the
subgroup Ga = (K,+, 0) (see [8]). Thus we can assume that the group G is
either Gm or Ga.
As before we can assume that the field K is uncountable. Take a point
a ∈ H . By Propositions 1.5 and 1.8 it is enough to prove, that there ex-
ists a parametric curve S ⊂ H passing through a. Let L be a line in Kn
going through a such that the set L ∩ Fix(G) is finite. Denote L ∩ H =
{a, a1, . . . , am}.
Consider a mapping
φ : L×G ∋ (x, g)→ gx ∈ Kn.
Observe that φ(L × G) is a union of disjoint orbits of G. This implies that
φ(L × G) ∩ H = {a, a1, . . . , am}. Take X = φ(L×G). Note that X ∩ H is
a union of curves. This means that there exists a curve S ⊂ X ∩H , which
contains the point a. However S ⊂ X \ φ(L×G). This implies that S ⊂ Sφ
and we conclude by Theorem 2.17.
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3.4 A real field case
We give a real counterpart of Theorem 3.3.
Theorem 3.6. LetG be a real nontrivial connected unipotent algebraic group,
which acts effectively and polynomially on a closed semialgebraic R-uniruled set
X . Then the set Fix(G) of fixed points of G is also R-uniruled. In particular it
does not contain isolated points.
Proof. By the induction on dimG we can easily reduce the problem to the
case of G = Ga.
Assume thatG = Ga. LetD be the degree of R-uniruledness ofX . Take
a point a ∈ Fix(G). Let
φ : G×X ∋ (g, x)→ φ(g, x) ∈ X
be a polynomial action of G on X . This action also induces a polynomial
action of the complexification Gc = (C,+, 0) of G on Xc. We will denote
this action by φ. Assume that degg φ ≤ d. By Definition 1.13 we have to
prove, that there exists a parametric curve S ⊂ Fix(G) passing through a
of degree bounded bymax(d,D). Let L be a parametric curve inX passing
through a. If it is contained in Fix(G), then the assertion is true. Otherwise
consider a closed semialgebraic surface Y = L × G. There is a natural G
action on Y :
for h ∈ G and y = (l, g) ∈ Y we put h(y) = (l, hg) ∈ Y.
Take a generically finite polynomial mapping
Φ : L×G ∋ (x, g)→ φ(g, x) ∈ X.
Observe that it isG-invariant, which means Φ(gy) = gΦ(y). Lemma 3.2
implies that the set SΦ of points at which the mappingΦ is not finite is also
G-invariant.
Let SΦ = S1 ∪ · · · ∪ Sk be a decomposition of SΦ into irreducible com-
ponents. Due to Theorem 2.33 each Si is a parametric curve. Since the set
SΦ is G−invariant each Si is also G-invariant.
Note that the point a belongs to SΦ, because the fiber over a has infinite
number of points. We can assume that a ∈ S1. Let us note that the point
a is also a fixed point for Gc. We want to show that S1 ⊂ Fix(G). Let
x ∈ S1. The set S
c
1 is alsoG
c-invariant and if x 6∈ Fix(G) thenGcx = Sc1 and
a would be in the orbit of x, which is a contradiction. Hence S1 ⊂ Fix(G)
completes the proof.
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Corollary 3.7. Let G be a real nontrivial connected unipotent group which
acts effectively and polynomially on a closed semialgebraic setX . If the set Fix(G)
of fixed points of G is nowhere dense in X , then it is R-uniruled.
Corollary 3.8. Let G be a real nontrivial connected unipotent group which
acts effectively and polynomially on a connected Nash submanifold X ⊂ Rn.
Then the set Fix(G) is R-uniruled.
3.5 Remarks
To finish we state:
Conjecture 3.9. Let G be an algebraic group, which acts effectively on Kn.
If R is an irreducible component of the set Fix(G) of fixed points of G, then R is
a K-uniruled variety or it is a point.
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